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Abstract 

There are growing efforts to control thermal transport via coherent phonons in one-dimensional 

superlattices. Typically, the difference in intrinsic lattice structures of the constituent materials 

generates an interface disorder during the fabrication process, limiting the coherent phonon 

transport manipulation. On the other hand, flexible integration and atomistic interlayer smoothness 

of a van der Waals (vdW) heterostructure provide an ideal platform for coherent phonon transport 

manipulations. Toward the ultimate goal of designing small thermal-conductivity materials at 

room temperature, herein we investigate the controllability of coherent phonon transport in vdW 

graphene-MoS2 heterostructures with different stacking orders using non-equilibrium molecular 

dynamics simulations. Using Bayesian optimization–based materials informatics, the optimal 

stacking order of graphene and MoS2 is efficiently identified from tens of thousands of candidates 

with varying degrees of phonon localization. The obtained thermal conductivity of the optimized 

heterostructure (0.026 W/m-K) is significantly lower than that of its building blocks (pristine MoS2 

and graphene). Additionally, the optimized heterostructure has a thermal conductivity lower than 

those of representative low thermal conductivity solid materials (amorphous oxide and disordered 

crystalline oxides), which usually range between 1.3 and 3 W/m-K at room temperature, and the 

amorphous polymers, which is on the order of 0.1 W/m-K. The underlying physical mechanism of 

coherent phonon localization is uncovered by calculating the phonon transmission in the optimum 

heterostructure and analyzing the histogram distribution pattern of the phonon transmissions in 

different disordered stacking heterostructures. The presence of localization is further validated by 

a comparative study of the optimum heterostructure to pristine graphene with introduced defects, 

changed the thickness and temperature of the system. Our work provides insight into the coherent 
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phonons transport behavior in the atomistically smooth vdW structure, which is essential for 

further development of phononics. 

Keywords: Ultralow thermal conductivity, Van der Waals heterostructures, Bayesian 

optimization-based materials informatics, Phonon transmissions’ histogram analysis  
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1. Introduction 

As nanotechnology develops and the demand for diverse thermal applications increases, the 

effective manipulation of the thermal transport in solid materials by nanostructures has attracted 

intensive attention. The demands from thermoelectric energy generation and thermal insulation 

have inspired studies to reduce the thermal conductivity (κ) by introducing defects[1, 2], grain 

boundaries[3, 4], impurities[5], and nanoparticles[6]. The underlying physical mechanism is fairly 

well explained through classical theories by solving the Boltzmann transport equation, in which 

phonons are considered as incoherent particles. 

Other studies focus on hindering thermal transport by constructing phononic crystals (PnC) 

with embedded periodic nanostructures, which can modify the phonon dispersion relations to have 

band gaps and consequently reduce the group velocity by phonon wave interference. Although 

many works have realized this concept by etching periodic holes on tens to hundred nanometers 

scales for thin films in an analogy to photonic crystals[7-9], wave phonons lose coherence due to 

intrinsic-anharmonic or surface-roughness scattering because the coherent length and wavelength 

of phonons are much shorter than those of photons. Hence, interference effects are not manifested 

unless the temperature is below 10 K[7, 8].  

A PnC system that can realize sub-10-nm periodicity with atomistically smooth interface is 

the superlattice structure. Coherent phonon transport has been experimentally demonstrated on 

GaAs/AlAs and a high-quality oxide superlattice from two different perspectives, where the 

thermal conductivity shows a linear dependence with the total thickness[9] and a nonlinear 

dependence on the periodicity[10], respectively. Because these superlattices have an atomistically 

smooth interface between alternating layers, thermal transport in the superlattice is dominated by 

coherent phonons. However, such a smooth interface usually only works for materials with highly 
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similar lattice constants, limiting the application range where coherent phonons can be 

manipulated. Materials with substantially different lattice structures cannot grow together 

epitaxially without generating interface disorder, which seriously affects their expected 

performance. This interface disorder is manifested as a poor electrical property[11], strong local 

heating, and incontrollable Schottky barriers[12].  

To expand the controllability of the thermal conductivity by manipulating coherent phonon 

transport, a new platform with a sub-10-nm periodicity and a smooth interface with minimal 

defects is needed. Besides, strong interfacial bonds in the conventional covalently bonded 

superlattice confine the lower limit of the thermal conductivity[13], making it unsuitable when an 

extremely low thermal conductivity is required. This is also why the thermal conductivity of 

representative thermal insulation solid materials (amorphous oxide and disordered crystalline 

oxides)[14, 15] and the nano-engineering structure (superlattice and porous PnC)[10, 16] still have 

a few W/m-K. Super-insulation materials with a thermal conductivity close to or even below the 

value for air (0.026 W/m-K) have attracted significant interest. Moreover, the interfaces between 

dissimilar materials in a superlattice and the porous property in PnC degrade the thermal stability, 

which is only perfectly maintained in fully dense materials. Consequently, the construction of a 

structure that combines an extremely low thermal conductivity with a high density is urgently 

needed for practical applications. 

Recently, van der Waals (vdW) heterostructures[17-20], which are constructed by artificially 

assembling different two-dimensional (2D) materials through weak vdW interactions, provide 

unique technological opportunities to expand materials beyond the existing single-layer 2D 

materials. For example, the vdW heterostructures with atomically smooth interfaces without 

dangling-bonds could effectively mitigate the phase breaking phonon-phonon interactions 
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(maintain the coherence/correlation of phonons), offering an ideal platform to explore coherent 

phonon transport. Besides, a previous study on superlattices found that the conductance of coherent 

phonon depends on the aperiodic distribution of the layer thickness[21], in which the effects of 

modulation of phonon dispersion relations such as band flatting and gap opening  have been ruled 

out in explaining the superiority of the optimal distribution (See Fig. S1 in Supporting Information). 

It reminds us that the stacking order of different 2D materials in our simulation systems should 

significantly impact the coherent phonons transport. However, the vast number of possible 

stacking orders makes an exhaustive search for the structure with a minimum thermal conductivity 

impossible. Recently, materials informatics[21-27], which is an advanced material-discovery 

technology that combines data-driven search algorithms and material property simulations, has 

made great progress. This approach should help accelerate the optimization process.  

In this work, we employ non-equilibrium molecular dynamics (NEMD) simulations to 

investigate the coherent phonon transport in the vdW graphene-MoS2 heterostructure with 

different stacking orders at room temperature. The optimal stacking order of graphene and MoS2 

is efficiently identified from tens of thousands of candidates via materials informatics, which 

combines the Bayesian optimization algorithm and NEMD simulations. Compared to pristine 

graphene, the thermal conductivity of the optimized heterostructure is significantly suppressed. 

Then the underlying mechanism is revealed by calculating the phonon transmission and analyzing 

the distribution pattern of the histogram of the phonon transmissions in different disorderly stacked 

heterostructures. Finally, the presence of the phonon localization is validated by a comparison 

study of defects, thickness, and temperature effect on the pristine graphene and the optimum 

heterostructure.  

2. Modeling and Methodology 
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In our simulations, we construct graphene-MoS2 heterostructures by disorderly interfacing 

graphene and MoS2 (Fig. 1(b)). The unit cell of graphene and MoS2 are 4.31 Å × 2.49 Å and 5.40 

Å × 3.12 Å, respectively (Fig. 1(a)). Then, 10×15 unit cells (43.1 Å × 37.35 Å) of graphene and 

8×12 unit cells (43.20 Å × 37.44 Å) of MoS2 are used for constructing the supercell of 

heterostructure (Fig. 1(b)). Here, the supercell of graphene is slightly smaller than that of MoS2. 

Therefore, to minimize the lattice mismatch between the supercell of graphene and MoS2, a slight 

lattice strain (within 1%) is applied to expand the supercell of graphene in both x and y directions, 

which does not influence the cross-plane thermal conductivity[28]. All the NEMD simulations in 

our study are performed using the LAMMPS package[29]. For the force field, we adopt the 

optimized Tersoff potential[30] and the Stillinger-Weber (SW) potential[31] to describe the 

covalent-bonds interactions in each layer of graphene and MoS2, respectively. The Lennard-Jones 

(L-J) potential is used to model the vdW interactions among different layers of graphene and MoS2. 

The L-J potential parameters of Mo-Mo, S-S, and C-C atoms are from the literature[32, 33]. 

Arithmetic mixing rules are used to calculate the L-J coefficients between different kinds of atoms. 

The fixed (black atoms in Fig. 1(b)) and periodic boundary conditions are applied along the cross-

plane and in-plane directions, respectively. To impose a temperature gradient, Langevin 

thermostats with two different temperatures are attached to the two ends of the simulation system 

(red and blue atoms in Fig. 1(b)) at temperature TH and TL, respectively. In our simulations, we set 

TH = 315 K and TL = 285 K to calculate the thermal conductivity at 300 K. The thermal conductivity 

κ is calculated based on Fourier’s Law κ = – J/ T where T and J are temperature gradient and 

heat flux, respectively. Supporting Information Part I includes additional simulation details[34]. 

To determine the optimum heterostructure with the minimum thermal conductivity, materials 

informatics combining the Bayesian optimization algorithm by employing the open-source 
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optimization library COMBO[35] with NEMD simulations are performed. COMBO is a highly 

efficient open-source Bayesian optimization library that can find the structures with the optimized 

targeted properties by calculating only several percentages of the total number of candidates via 

coupling with the specific material property simulation methods[21, 27, 36].  Details about the 

Bayesian optimization method are available in the literature[21, 27, 35, 36]. Figure 1(c) shows the 

research flow diagram of the optimization process. 

 In this study, we use a binary array (descriptors) to describe each possible heterostructure by 

labeling graphene as “0” and MoS2 as “1” (Fig. 1(b)). Thus, the total number of possible candidates 

is 2N when the layer number is N.  Here, the layer number N is fixed to 14. Thus, the number of 

the possible candidates is 214 =16384. Twenty candidates are randomly selected as the initial 

structures and their thermal conductivities are calculated. The 20 initial thermal conductivities and 

their corresponding descriptors serve as the original training data set to predict the next 10 

candidate structures based on the optimal probability of the Bayesian regression function. Then κ 

values of these 10 new candidates are calculated and added to the training data. After repeating the 

above procedure for several tens of rounds, the optimum heterostructure with minimum thermal 

conductivity is found. 

3. Results and discussion 

Figure 2(a) shows the variation of thermal conductivity for each round of the Bayesian 

optimization–based search process. The red triangles denote the minimum thermal conductivity of 

the past optimization rounds. The global optimum heterostructure with the minimum thermal 

conductivity is obtained by only repeating 22 rounds (calculating 220 candidates) of the 

optimization process. That is, a mere 1.3% of the total possible candidates is calculated. To confirm 
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that this minimum thermal conductivity is not a local minimum, another independent optimization 

procedure is performed with 20 different initial candidate structures. The same optimum 

heterostructure is achieved after 17 rounds of optimization. (See Fig. S3 in the Supporting 

Information) 

For a given number of layers (14 layers), the thermal conductivity of the optimized 

heterostructure is significantly suppressed compared with pristine MoS2, graphene, and the 

MoS2/graphene superlattice with the stacking order of 0101010101010 (Fig. 2(b)). The optimum 

heterostructure is aperiodic (Fig. 2(b), inset). This aperiodic structure induces coherent phonon 

localization. Consequently, it significantly suppresses the thermal conductivity compared to 

previous studies on thermal transport manipulation such as in a one-dimensional 

silicon/germanium superlattice[37] and 2D graphene PnC[38, 39].  

The thermal conductivity of the optimized heterostructure is only 0.026 W/m-K, which is 

almost the same as air at room temperature, accounting for only about 1.7% (4.1%) of the pristine 

MoS2 (graphene). This optimum heterostructure with an ultra-low thermal conductivity presents a 

new application of 2D materials. For instance, such a stacked heterostructure can be used in 

applications that require ultra-thin and lightweight thermal insulation as well as thermoelectric-

based thermal energy harvesting.  

To understand the underlying physical mechanism for the significantly suppressed thermal 

conductivity of the optimized heterostructure, the spectral phonon transmissions in pristine MoS2, 

graphene, and optimum heterostructure are calculated using the same number of the layers (See 

details in Supporting Information Part II).The phonon transmission in the optimum heterostructure 

is significantly suppressed throughout most of the frequency range compared to those in pristine 

MoS2 and graphene (Fig. 3(a)). Generally, the ultrahigh thermal resistance in the heterostructure 
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originates from the mismatch in the mass density and phonon density of states of the building 

blocks[40, 41]. Our simulation shows that the phonon transmission of graphene is mainly 

distributed in the range of 0–10 THz, while MoS2 is located in two separate ranges of 0–7 THz 

and 10–15 THz (Fig. 3(a)). By analyzing the transmission in view of elastic transport at the 

interface by multiplying the transmissions of graphene and MoS2, as has been practiced for other 

systems[40, 42, 43], the phonons in the range of 0–7 THz should account for 70% of the thermal 

conductivity of the optimized heterostructure (Fig. 3(a), inset). However, the phonon transmission 

of the optimum heterostructure is significantly suppressed in the entire frequency range and is not 

limited to a specific frequency range. Therefore, another mechanism should be responsible for the 

suppression of the phonons in the optimum heterostructure. 

To gain additional insight, we calculate the phonon-transmission histogram using the phonon 

transmission (ζ) data of the last 150 structures during the machine-learning optimization process. 

This corresponds to the positively biased data for a small thermal conductivity (Fig. 2(a)). A 

previous study verified that the distribution pattern of the phonon-transmission histogram can 

judge whether the transport is localized or diffusive[44]. The histogram for diffusive phonon 

transport has a Gaussian distribution, whereas that for localized phonon transport follows a log-

normal distribution. This histogram analysis  has been widely used to distinguish the transport 

behaviors of the electrons[45, 46] and photons[47]. Figure 3(b) shows the phonon-transmission 

histogram for several typical frequencies over a wide frequency domain (0–16 THz). These are 

well described by the log-normal distribution, clearly reflecting the localization behavior of the 

phonon transport. Besides, to visualize the localized vibration modes of the optimum 

heterostructure in the coordinate space, we further calculate the phonon participation ratio (Pλ) 

(See details in Supporting Information Part III) and plot eigenvectors of four representative 
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localized phonon modes in the heterostructure (Fig. 3(c))[48, 49]. Pλ is a dimensionless quantity 

from 0 to 1, ~1 represents the propagation mode, and ~0 represents the localized mode. Their 

corresponding Pλ are 0.11, 0.07, 0.08, and 0.07, respectively. The arrow attached to each atom 

represents the displacement. This clearly indicates the locations of localized phonon modes in the 

optimum heterostructure. Besides, because the localized phonons are located at specific positions, 

it will directly affect the transmission of these phonons between the neighboring layers, thereby 

changing the contact thermal resistance. In addition, the location of the localization varies for the 

localized phonons with different frequencies, which is beneficial to inhibit the thermal transport 

in the entire frequency range. Moreover, by analyzing the cumulative histogram of phonon modes 

for the Pλ (Fig. S4(b)), we further demonstrate that the phonon localization in the optimum 

heterostructure is much stronger than the other two reference heterostructures (See details in 

Supporting Information). 

The above demonstration of the coherent phonons transport manipulation is performed on an 

ideal case where the building blocks (graphene and MoS2) are defect-free. Previous theoretical 

works[37] found that the interfacial roughness (defect) in the superlattice breaks the phonon 

coherence due to the additional phonon-defect scattering. Hence, the minimum thermal 

conductivity disappears in the period-length dependence of thermal conductivity, which is 

generally regarded as the signature of the coherent phonon transport. To confirm the effect of 

coherent phonon localization, we investigate the effect of defects on the thermal conductivity of 

the current optimum heterostructure. We also calculate the effect of defects on the thermal 

conductivity of pristine graphene when defects are introduced by randomly removing the carbon 

atoms in defect-free structure. The defects in the optimized heterostructure are introduced by 

removing only the molybdenum atoms in MoS2, considering that heavier atoms could cause 
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stronger phonon-defect scattering than the lighter atoms[50, 51]. The defect concentration is 

defined as NR/NP, where NR and NP are the number of removed atoms and the total number of the 

atoms in the defect-free case, respectively. In addition, although the spatial distribution of defects 

should affect the phonon thermal transport and thus the absolute value of thermal conductivity, but 

it does not change the fact that thermal conductivity decreases with increasing defect 

concentration[49]. Therefore, in our manuscript, for each concentration of the defected structure, 

we use one configuration of the defected structure for each defect concentration. 

The thermal conductivity of pristine graphene decreases as the defect concentration increases 

(Fig. 4(a), inset). This is expected since tremendous efforts have been made to investigate the effect 

of defects on phonon transport. Defects generally inhibit the phonon transport due to the 

introduction of additional phonon-defect scattering[51, 52].  

By contrast, when defects are introduced in the optimum heterostructure, the thermal 

conductivity of the optimized heterostructure monotonously increases as the defect concentration 

varies from 0% (defect-free) to 0.5% (Fig. 4(a)). This unexpected thermal conductivity 

enhancement is due to the apparent defect-induced delocalization, where scattering at the defects 

breaks the phonon phase, and the resulting destruction of the phonon coherence eliminates the 

localized states. Consequently, the thermal conductivity increases. The low-frequency phonons are 

more easily delocalized than the high-frequency phonons (See Fig. S5 in Supporting Information). 

This defect-induced enhancement of the thermal conductivity further validates that phonon 

localization is responsible for the small thermal conductivity of the optimum heterostructure. Here, 

the loss of phonon coherence gradually occurs with respect to the increase of defect concentration. 

This means that the impact of coherent phonon transport manipulation on the thermal conductivity 

is significant even in the presence of defects. Thermal conductivity of the optimized 
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heterostructure with 0.5% defects (close to the concentration of defects in experimentally prepared 

2D materials[53]) is still very small, about 0.047 W/m-K. It is worth noting that this enhancement 

mechanism is different from the previous study, in which topological defects at the graphene/h-

BN interface abnormally enhance its thermal conductance due to the localization of the stress 

fields[54, 55]. 

In addition, to elaborate the current finding in terms of the bulk thermal conductivity, we 

further calculate the thickness dependence of the cross-plane κ of pristine graphene and optimized 

structure (Fig. 4 (b)). Here performing global optimization for the entire structure was not possible 

with the current computer resource even when Bayesian optimization reduces the number of 

calculations to a few percent, mainly limited by the MD calculation time. Therefore, here, we 

present a bulk locally optimized heterostructure by replicating the current 6.3 nm-thick optimal 

heterostructure and connecting them in series to increase the thickness. The thermal conductivity 

of the locally optimized heterostructure is of course expected to perform worse than the globally 

optimized structure, and thus, the value serves to denote the upper limit of the thermal conductivity. 

Note that a recent study has studied such a locally optimized heterostructure for GaAs/AlAs 

superlattice and showed that the phonon localization characteristics are well maintained[56]. 

As we expected, the cross-plane κ of pristine graphite shows strong thickness dependence. It 

is found that the cross-plane κ still increases with the system thickness L (number of layers) even 

for L exceeding 200 nm due to the size effects[57-59]. In contrast, we found that the κ of the 

optimized structure nearly saturates with L ~ 58 nm, that is, the thickness dependence is strongly 

suppressed in the optimized heterostructure. In fact, this suppressed thickness-dependent behavior 

is a clear signal of the phonon localization. As early as 1958, Anderson has predicted that a 

sufficiently strong disorder could localize waves and completely suppress coherent transport[60]. 



 14 / 24 

 

Therefore, the localization of phonons on each optimized heterostructure will largely weaken the 

phonon ballistic transport, that is, the mean free paths of phonons will become comparable to or 

shorter than the thickness, resulting in a significant suppression of the thickness dependence of 

thermal conductivity. This suppression of thickness dependence has been previously found in the 

1D superlattice[37, 61, 62] and 2D PnC[38] structures by introducing the additional randomness. 

The saturated κ of the locally optimized heterostructure is still quite low, about 0.085 W/m-K, 

which makes it an outstanding thermal insulation material even in the bulk perspective. 

Moreover, we further explore the influence of the temperature on the pristine graphene and 

the optimized heterostructure. The thermal conductivity of pristine graphene decreases as the 

temperature increases (Fig. 4(c), inset) due to the intrinsic Umklapp phonon scattering, which has 

been observed in the graphene and boron nitride superlattice[63]. However, as shown in the Fig. 

4(c), the thermal conductivity of the optimized heterostructure is insensitive to the temperature. 

This is because the disorder-related phonon scattering is independence of the temperature[64]. A 

similar weakened temperature dependence on the thermal conductivity has  been observed in 

defected graphene sheets[38]. 

Finally, we briefly introduce the research significance and its experimental prospects. 

Generally, suppressing low-frequency phonons transport is a challenge due to the frequency 

dependence of the phonon scattering rate as ~
    (α>1)[65]. Our current finding suggests that the 

artificially disordered stacking order can induce a significant phonon localization throughout the 

entire frequency range. Furthermore, materials informatics presents an extremely powerful ability 

to determine the optimized structure with the strongest localization automatically within different 

disordered stacking heterostructures with varying degrees of localization of coherent phonons. In 

addition, constructing such a disordered stacking vdW heterostructure is typically a time-
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consuming and laborious process. It requires exfoliation and restacking 2D materials layer-by-

layer. Thus, the yield and reproducibility are limited. However, recent exciting progresses in the 

production of the high-quality 2D vdW heterostructures via the bottom-up synthesis approach[66, 

67] and an automated robotic system that can assemble 2D vdW heterostructures automatically[68] 

should provide an ideal platform, and greatly enhance the likelihood of directly observing and 

manipulating coherent phonons at room temperature. Besides, the vdW heterostructure offers us 

an extra degree of freedom for engineering thermal transport that is controlling the relative twist 

angle between the different layers of 2D materials. Such twisting has been shown to alter the 

interlayer coupling at the vdW interface, resulting in the discovery of unconventional 

superconductivity in a stacking two sheets of graphene with a magic-angle[69]. Moreover, the 

application of strain engineering in the thermal transport of the two-dimensional heterostructure is 

also worthy of attention. Recently, is has been discussed that strain can profoundly affect the 

electronic properties of the 2D materials[70, 71]. Therefore, the vdW heterostructure may allow 

us to create new devices and structural concepts with unique functionality, which is particularly 

relevant for the development of next-generation flexible and wearable device applications. 

4. Summary 

In summary, an extremely insulating thermal metamaterial is demonstrated based on an 

artificially stacked 2D graphene-MoS2 heterostructure with a weak vdW interaction by performing 

molecular dynamics and machine learning. The stacking order has a profound impact on the 

coherent phonon transport, realizing varying thermal conductivity values with different stacking 

orders. According to the log–normal–distributed histograms of the phonon transmission in 

different disordered stacking heterostructures, the significantly suppressed thermal conductivity in 

the optimum heterostructure is due to the localization of coherent phonons over almost the entire 
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frequency range. Finally, the defect-induced enhancement of thermal conductivity and a 

suppressed thickness and temperature dependence behavior are observed in optimized 

heterostructure. These observations further validate the coherent phonon localization in the 

disordered stacking heterostructures. This study should expand the applications of 2D materials 

and may realize new phononic devices based on the atomistically tailored smooth vdW interfaces.  
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Figure 1. Schematics of the machine-learning method to combine the molecular dynamics 

(MD) and Bayesian optimization. (a) Unit cell of graphene and MoS2. (b) Schematic of the MD 

simulation setup, where the fixed boundary condition is used along the cross-plane direction, while 

the periodic boundary condition is used along the in-plane direction. (c) Research flow diagram of 

machine learning based on Bayesian optimization. 
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Figure 2. Optimization results of machine learning based on the Bayesian optimization (a) 

Variation of the thermal conductivity with each round of the Bayesian optimization–based search 

process. Red triangles denote the minimum thermal conductivity of past optimization rounds. (b) 

Comparison of the thermal conductivity between pristine MoS2, graphene, MoS2-graphene 

superlattice, and optimum heterostructure with the same number of layers. Inset shows the 

optimum heterostructure and its corresponding descriptor.  
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Figure 3. Phonon transmission, phonon histograms analysis and eigenvectors distribution. 

(a) Phonon transmission coefficient in pristine MoS2 (dashed line), graphene (solid line), and 

optimum heterostructure (dotted line). Dashed-dotted line denotes the phonon transmission 

overlap between graphene and MoS2. Inset shows the normalized accumulation of the phonon 

transmission overlap versus the phonon frequency. (b) Histograms of logarithmic phonon 

transmission for several frequencies in a wide frequency domain. Here ζ denotes the phonon 

transmission of each heterostructure. (c) Eigenvectors of four representative localized phonon 

modes in the heterostructure.  



 24 / 24 

 

 

Figure 4. Effects of defect, size, and temperature on the thermal conductivity of pristine 

graphene and optimized heterostructure. (a) Defect concentration, (b) thickness, and (c) 

temperature dependence of the thermal conductivity of the optimized heterostructure. The insets 

show the case of pristine graphene. The error bars are the standard deviations of two independent 

simulations with different initial conditions. 


